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Abstract. We prove new results on the existence of positive solutions for some im- 
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pulsive differential equation subject to nonlocal boundary conditions. Our boundary 
conditions involve an affine functional given by a Stieltjes integral. These cover the well 
known multi-point boundary conditions that are studied by various authors. 
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1. Introduction 



Differential equations with impulses arise quite often in the study of different problems, 
in particular are used as a model for evolutionary processes subject to a sudden rapid 
change of their state at certain moments. The theory of impulsive differential equations 
has become recently a quite active area of research. For an introduction to this theory 
we refer to the books jU El [T21 E2], which also contain a variety of interesting examples 
and applications. 

More recently, boundary value problems (BVPs) for impulsive second-order differential 

q | equations have been studied by several authors, see for example [H [21 [71 El H21 [13j [23j 

I2U [251 ESI 123 ED EE] and the references therein. In particular, the existence of positive 
O ■ 

solutions under the so-called m-point boundary conditions has been investigated, in the 

context of impulsive differential equations, in j9l[T0l[T8]. Various techniques are utilized 

in the above papers: the Leggett- Williams theorem, the Schauder fixed point theorem, 

the method of upper and lower solutions, the fixed point index on cones and, of course, 

the well-known Guo-Krasnosel'skh theorem on cone-compression and cone-expansion. 

In this paper, we establish new results for the existence of positive solutions for the 

second order impulsive differential equation 

(1.1) u"(t) + g(t)f(t, u(t)) = 0, t G (0, 1), t ± r, 

Ku(r)) 

(1.2) Au\ t=T = I(u(t)), Au'\ t=T = J^LR : 

T — 1 

subject to the nonlocal boundary conditions (BCs) 

(1.3) w(0) = a[u], u(l) = 0. 
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Here r G (0, 1), At>| t=T denotes the "jump" of v(t) in t = r, that is 

Af| 4=T = v(t + ) -v(t~), 

where v(t~), v(t + ) are the left and right limits of v (t) in t — r, and a[u] is a positive 
functional given by 



a[v] = A + u(s)dA(s) 
Jo 



involving a Lebesgue-Stieltjes integral. The impulsive differential equation fll.ll) - fll.2p . 
under different BCs has been studied in [13J. The type of BC we study here is quite 
general and includes as special cases 

a[u] = y aiu(^i) and a[u] = / a(s)u(s) ds, 



m „i 

[u] = \^ a i u {ii) an d Oi[u] = I 



that is, multi-point and integral BCs, that are widely studied objects. In the case of 
ordinary differential equations, this has been done in several papers, see for example 
PH EH E2J ESI E31 ES ES] and the references therein. 

The methodology here is to write the boundary value problem fll.ll) - fll.3p as a perturbed 
integral equation and we look for fixed points of an operator T in a suitable cone of positive 
functions in the space PC[0, 1]. One advantage of this approach is that we avoid lengthly 
calculations to determine the Green's function associated to the impulsive BVP. 

For simplicity, we restrict our attention to the case of one impulse. In Remark 12.61 we 
suggest how this approach can be modified to work with a finite number of impulses. 

Our main ingredient is the classical fixed point index theory and in the last Section we 
provide an example to illustrate our theory. 

2. Existence of positive solutions of some integral equations 
We study the existence of positive solutions of the integral equation 

(2.1) u(t) = j(t)a[u] + [ k(t,s)g(s)f(s,u(s))ds + 1 (t) X (rA] I -P^-, 

JO I — T 

where t e [0, 1], and r e (0, 1) is fixed. We work in the Banach space 

PC[0, 1] := {u : [0, 1] -)> R : u is continuous in t E [0, l]\{r}, 

there exist u(r~) = u{t) and u{r + ) < oo}, 

endowed with the supremum norm ||m|| = sup{|w(£)| : i£ [0, 1]}. 

We make use of the classical fixed point index for compact maps (see for example j3] 
or (TTJ) on the cone 

(2.2) K = \ue PC[0, 1] : u{t) > Vt G [0, 1] and min u(t) > c\\u\\\, 

' te[a,b] ' 

where [a, b] is some subset of (r, 1) and c is a positive constant. 

From now on, we assume that /, g, a, 7, 1 and the kernel k have the following properties: 
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(Ci) / : [0, 1] x [0, oo) — y [0, oo) satisfies Caratheodory conditions, that is, for each u, 
t H- f(t,u) is measurable and for almost every t, u i-» f(t,u) is continuous, and 
for every r > there exists a L°°-function <p r : [0, 1] — > [0, oo) such that 

fit, u) < <p r (t) for almost all t G [0, 1] and all u G [0, r\. 

(C 2 ) k : [0, 1] x [0, 1] —)• [0, oo) is measurable, and for every t x G [0, 1] we have 

lim / \k(t, s) — k(ti, s)\(j) r (s) ds = 0. 

(C 3 ) There exist [a, b] C (r, 1), a L°°-function $ : [0,1] — > [0, oo) and a constant 
C\ G (0, 1] such that 

k(t, s) < $(s) for t G [0, 1] and almost every s G [0, 1] 
k(t, s) > Ci$(s) for t G [a, b] and almost every s G [0, 1]. 

(C4) 7 : [0, 1] — y [0, 00) is continuous and there exists a constant ci G (0, 1] such that 

lit) > C2II7H for t G [a, 6]. 

(C 5 ) a : K —)■ [0, oo) is a continuous functional with 

a[u] = Aq + / u(s)dA(s), 
Jo 

where dA is a positive Lebesgue-Stieltjes measure, A is continuous in r and 

£ gL4(s) < 00. 
(C 6 ) jei'fO, l],p>0 a.e. and J^(s)g(s) ds > 0. 
(CV) / : [0, 00) — > [0, 00) is a continuous function and there exist Si, 82 > such that 

<5ix < /(x) < 5 2 x for x G [0, 00). 

Under these hypotheses we can work in the cone (12. 2p . where c = min{ci, C2} and [a, 6] 
as in (C3). 

If f2 is a bounded open subset of K (in the relative topology) we denote by Q and dQ 
the closure and the boundary relative to K. We write 

K r = {u G K : ||it|| < r} and fC r = {u G K : ||u|| < r}. 

We consider now the map T : i^ — > PC[0, 1] defined, for u E K,hy 

Tu(t):=j(t)a[u]+ [ k(t,s)g(s)f(s,u(s))ds + 1 (t) X (r,i]^^-. 

JO IT 

In order to prove that T is compact, we make use of the following compactness criterion, 
which can be found in [U, [19] and is an extension of the classical Ascoli-Arzela Theorem. 
A key ingredient here is that the interval is compact. For a compactness criterion on 
unbounded intervals and its applications to impulsive differential equations see 
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We recall that a set S C PC[0, 1] is said to be quasi- equicontinuous if for every u G S 
and for every e > there exists 5 > such that £i,<2 £ [0, t] (or ti,t 2 G (r, 1]) and 
|*i — ^| < ^ implies |w(ti) — u(t 2 )\ < e. 

Lemma 2.1. A set S C PC[0, 1] zs relatively compact in PC[0, 1] i/ and on/y i/ 5 zs 
bounded and quasi- equicontinuous. 

Theorem 2.2. If the hypotheses (Ci)-(CV) hold for some r > 0, then T maps K r into 
K . When these hypotheses hold for each r > 0, T maps K into K . Moreover, T is a 
compact map. 



Proof. Let u G K r . Then we have, for t G [0, 1], 

Tu(t) = 7 (t) (a[u] + X (r,i] I -yz~^) + J k(t, s)g(s)f(s, u(s)) ds > 0, 

furthermore 

Tu{t) < 7 (t) (a[u] + ^-^) + J *(8)g(8)f(8, u(s)) ds 

and therefore we obtain 

I(u(r)y 



(2.3) ||T«|| < || 7 || (a[u] + -f^f) + J Hs)g(s)f(s, u(s)) ds. 

Then we have 

min Tu(t) > c 2 \\j\\ (a[u] + ^J± ) + Cl / $(s)g(s)f(s,u(s)) ds 
te[a,b] \ 1 - r / Jo 

| 7 || (<*[«] + ^^) + T *(*)$(«)/(«. u(a)) (fa 



> c 



> cIlTwl 



'0 

Hence Tu G X for every u G fC r . Now, we show that the map T is compact. Firstly, 
we show that T sends bounded sets into bounded sets. It is enough to see that T(K r ) is 
bounded. Let u G K r . Then, for all t G [0, 1], from (12. 3 j) we have 

||Tu|| < ||7ll(«N + y-^-) + f $(s)g(s)0 r (s)ds 

< || 7 ||(a + ry dA( S ) + T --^-)+M r , 

for some < M r < oo. 

We prove now that T sends bounded sets into quasi-equicontinuous sets. 
It is sufficient to prove this for t±, t 2 G (r, 1], t\ < t 2 and u G K r . We have 

\Tu{h) - Tu(* a )| <| 7 (*i) - 7(*a) I («M + : YZ ! ^) 

+ / \k{t-i,s)-k{t 2l s)\g{s)(j) r {s)ds. 
Jo 

Then |Tw(ti) — Tu(t 2 )\ —¥ when t\ — > t 2 . From Lemma I2TT1 we can conclude that T is 
a compact map. □ 
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Let dBi be the Dirac measure of weight 8\/{l — t) in r and let dB 2 be the Dirac 
measure of weight 62/(1 — t) in r. We make use of the two functionals 

a 1 [u]:=A + / u{s)dA(s) + / u(s)dB 1 (s) := A + / u(s)dAi(s), 



a 2 [u]:=A)+ / w(s)cL4(s) + / u(s)dB 2 (s) := A + / u(s) dA 2 (s) 
Jo Jo Jo 

and of the following numbers 



f(t,u) t . c f(t,u) 



f ,P ■= sup , f PtP/c := inf 



0<«<p,0<t<l P P<u<p/c, a<t<b p 

(2.4) — := sup / k(t,s)g(s)ds, ———-■= inf / k(t,s)g(s) ds. 
m te[o,i]Jo M(a,b) t<=[a,b]J a 

We assume that 

(C$) The function t 1— > k(t, s) is integrable with respect to the measure dA 2 , that is 

K(s) := / k(t,s)dA 2 (t) 
Jo 

is well defined. 
Firstly, we prove that the index is 1 on the set K p . 

Lemma 2.3. Suppose F := j Q ^(t) dA 2 (t) < 1 and assume that there exists p > such 
that u 7^ Tu for all u G dK p and 

(l l p ) the following inequality holds: 

(2.5) _^M_ +/ o.(JM_^ K(s)9(s)ds + I)< 1 . 

Then the fixed point index, ix{T, K p ), is 1. 

Proof. We show that Aw 7^ Tu for every u G dK p and for every A > 1. In fact, if there 
exists A > 1 and u G dK p such that Am = Tu then 



An(i)= 7 (t)(«M + XM : Y^)+ / k(t,s)g(s)f(s,u(s)) 



ds 



fc(«(r)) 
Then we have 



< 7(t) ^ N + ^^) + y fc(«, S )^( S )/( S , «( S )) ds. 




1 



(2.6) A«(t) < -y(t)a 2 [u] + / k(t,s)g(s)f(s,u(s))ds 

Jo 

and 

A / u(t)<M 2 (t) < a 2 [w]r + / K(s)g{s)f(s,u(s))ds. 
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Hence we obtain 

(X-T)a 2 [u}<XA + [ JC( S )g(s)f(s,u(s))ds. 



Substituting into (12. 6p gives 



1 rl 



Xu (t)<^^ + -^Lj IC(s)g(s)f(s,u(s))ds + J k(t,s)g(s)f(s,u(s))ds. 
Taking the supremum for t G [0, 1] gives 

Xp ^ AAqM Jh£ /" /c( s )^( s )p^rf s+ S up / k(t, S )g( S )pf '"ds 

A - 1 A - 1 J t6 [ 0) i] Jo 

1-1 1-1 Jo ££[0,11 Jo 



Thus we have, 



This contradicts the fact that A > 1 and proves the result. □ 

We make use of the open set 

V = {u G K : min u(t) < p). 

P L t€[a,b] J 



V p is similar to the set called fl p / c in [21]. Note that K p C V p C if p / c . 
We now prove that the index is on the set V p . 

Lemma 2.4. Assume that there exists p > such that u ^ Tu for u G dV p and 
(1°) i/ie following inequalities hold: 

(2.7) «l[tt] > «oP f 0r U ^ <9Vp, 

where a® > 0, and 

(2-8) ^^H^+M^b)^/^ 1 ' 

JTien we Ziaue ^(T, V p ) = 0. 

Proo/. Let e(t) = 1 for £ G [0, 1]. Then e <E K. We prove that 

it 7^ T(w) + Ae for all u G <9V P and A > 0. 
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In fact, if this does not happen, there exist u G dV p and A > such that u = Tu + Ae. 
We have, for all t G [a, b] 

u(t) = j(t)a[u] + [ k(t,s)g(s)f(s,u(s))ds + 1 (t)x {T A] I -P^- + X 

JO I — T 

= l(t) («[«] + I ~yr^) + / Kt, s)g(s)f(s, u(s)) ds + X 
> T ( t ) ( a[n] + M^ ) + y 1 fc (t, «)^( 8 )/( s , u(s)) rfs + A 

= 'y(t)ai[u]+ / k(t,s)g(s)f(s,u(s))ds + \ 
Jo 

>c 2 \\i\\uoP + P I k(t,s)g(s)f PiP / c ds + \ 

J a 

-K c2||7||a ° + M(b) / -/ c ) +A - 

By (1°), this implies that 

min u{t) > p(c 2 ||7||ao + 777 rc fw/c) +A>p + A>p, 
contradicting the fact that u G 9V^. D 

Note that, by means of the two Lemmas above, one may also provide a result on 
the existence of multiple positive solutions. In fact, if the nonlinearity / has a suitable 
oscillatory behavior, by nesting in an appropriate way several VpS and K p 's, one may 
establish the existence of multiple positive solutions (we refer the reader to [16j |21] to see 
the type of results that may be stated). Here, for brevity, we state a result for the case 
of one positive solution for Eq. (12. ip . 

Theorem 2.5. Eq. (12. ip has a positive solution in K if either of the following conditions 
hold. 

(Hi) There exist px, p 2 G (0, 00) with p\ < p 2 such that (lij, (1° P2 ) hold. 
(H2) There exist pi, P2 G (0, 00) with p\ < cp 2 such that (l° pi ), (IL) hold. 

We omit the proof which follows simply from properties of fixed point index, for details 
of similar proofs see [T5| [20] . 

Remark 2.6. So far we have discussed the case of having the impulse in just one point 
r G (0, 1). Similar arguments work in the case of a finite number of impulses. 
For example, in the case of two impulses, say 

An| 4=T1 = Ji^Ti)), Au| t=T2 = J 2 (u(r 2 )), 

Am \ t=T1 = — , An \ t=T2 = — , 

Ti - 1 ' r 2 - 1 
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where < T\ < r-i < 1, one may work in the space (with an abuse of notation) 

PC[0, 1] := {u : [0, 1] -4 R : u is continuous in t G [0, l]\{n, r 2 }, 

there exist u(t~) = w(tj) and u(r^) < oo, z = 1, 2}, 

and seek for fixed points of the operator 
fu(t) :=7(i)(«H + X(nA]^ + X(,,i]T^) + /' k{t, s)g(s)f(s,u(s)) ds. 

v 1 — Ti 1 — T2 / Jo 

in the cone ( 12.21) . where [a, b] this time is a subset of (Y2, 1). 

Thus, if there exist positive constants £1,1, £1,2, £2,1, £2,2 such that 

$i,iX < h{x) < ^2,^ for x G [0, 00) and i — 1,2, 

one may consider the measures dE>i and <i-B2; where t/i?! is the Dirac measure of weight 
£1,1/(1 — n) in n and of weight £1,2/(1 — r 2 ), and rfi?2 is the Dirac measure of weight 
£2,1/(1 — n) in n and of weight £2,2/(1 — T2) in r 2 . 

The above can be used to provide a modified version of Lemmas (j2.3B - fl2.4p in this new 
context. 

3. Positive solutions of the impulsive BVP. 
We now consider the BVP 

(3.1) u"(t) + g(t)f(t, u(t)) = 0, t G (0, 1), t ± r, 

Ku(t)) 

(3.2) Au\ t=T = I(u(t)), Au'\ t=T = AAJZ, 

r — 1 

(3.3) u(0) = a[u], w(l) = 0, 
and we associate to this BVP the integral equation 

(3.4) u(t)= 7 (t)a[u]+ I k(t,s)g(s)f(s,u(s))ds + 1 (t) X{T ,i ] ^P^-, 

J0 l — T 

where 

(s(l-t), s<t 
t(l-s), s>t. 

By a solution of the BVP (I3.1l) - ()3.3p we mean a solution u G PC[0, 1] of the corre- 
sponding integral equation ( I3.4|) . 
Here may choose 

$( s ) = s (l-s). 

Therefore, we can take [a, b] C (r, 1) and 

(3.5) c := min{a, 1 — b}. 
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Now (C 2 ), (C3), (C4) are satisfied, ( 12. 8 p reads more simply 

(3.6) c 2 a + f p>p/c ■ jJ-q > 1, 
and (J2.5P reads 

(3.7) _^_ + (_l_£ K(s)9(s)ds + I) / »,P< 1 . 

Example 3.1. We now assume that g = 1, a[ix] = cm(£), with a > and £ G (r, 1). In 
this case we have 

A A 

ai[u] = mt(£) + m(t), a 2 [w] = a«(0 + u(t). 

I — T 1 — T 

We may take Ao = and cL4 2 the Dirac measure of weight a in £ and of weight 82/(1 — t) 
in r. Thus 

r := / 7 (t) dA 2 (t) = a(l -0 + ^2 
Jo 
and 

1 /C( S )d(*) = |«l-0 + |r. 

We can take [a, b] such that £ G [a, 6]. Then we can set oq = a, since «i[w] > au(() > ap 
for it G dV p . In this case (I3.6P reads 

(3.8) (1 _ % + W . _!_>!, 

and ( 13. 7p reads 

(3 9) / qfli-fl + fo- In 0ip 

(3J) l2-2(«(l-0 + 5 2 ) + mJ / - L 

We now show that all the constants that appear in (13. 8p and (13. 9p can be computed. 
If we take r = 1/5, £ = 1/2, a = 4/5, 5 2 = 1/2, we can choose [a, b] = [1/4,3/4]. This 
gives m — 8, M(o, 6) = 16 and c = 1/4. Therefore our requirements are f p , p / c > y and 

fO,p < A 
J —13" 
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